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Abstract

Purpose — This paper aims to develop sliding mode control (SMC) methods for second-order multi-agent systems (MAS) in the presence of
mismatched uncertainties.

Design/methodology/approach — Based on the disturbance observer (DOB), discontinuous and continuous sliding mode protocols are designed to
achieve finite-time consensus in spite of the disturbances.

Findings — Compared with integral SMC, numerical simulation results show that the proposed control methods exhibit better performance with
respect to reduction of chattering.

Originality/value — The main contributions are the following: MAS described with mismatched uncertainties are considered; both discontinuous
and continuous sliding mode controllers are considered; with the proposed sliding mode controller, the desired sliding surface can be reached in
finite time and the DOB is introduced in the controller to alleviate the chattering phenomenon.
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1. Introduction of derivative methods have sprung up including feedback
linearization control (Li ez al., 2016), terminal SMC (Yan ez al.,
2016; Mu et al., 2016), high-order SMC (Yan ez al, 2016),
adaptive SMC and so on. In Lu er al. (2012), the sliding mode
controller, combined with adaptive algorithm, was designed for
attitude tracking control issues of a nonlinear spacecraft model
with external disturbances and uncertainties in inertia. In Li ez al.
(2016), a new fixed-time SMC algorithm using the backstepping
method was proposed for a class of high-order strict-feedback

In recent years, the interest in cooperative control of multi-
agent systems (MAS) has been growing greatly among
researchers. Its broad application has rapidly developed
fields such as physics, sociology, biology, artificial
intelligence, sensor networks and control engineering.
Consensus is the fundamental problem of cooperative
control, which aims to design control laws to make certain
variables of concern reach an agreement, as reported by

Olfati-Saber and Murray (2004), Ren and Atkins (2007), ~ Donlinear —systems (SENSs) ~with ~mismatching ~system
Lin and Jia (2009), Li and Zhang (2010), Cheng ez dl. uncertainties. In Yan er al. (2016), Euler’s discretization of the
(2016), Liu e al. (2017), Wang ez al. (2018). With further second-order SMC system with the twisting algorithm was
study on cooperative problems, the scope of research has studied. In Yang er al. (2014), a continuous dynamic sliding
greatly widened to include tracking (Hong ez al., 2006; Li mode control method was proposed for mismatched disturbance
etal., 2013; Xu et al., 2014; Cheng et al., 2010), formation attenuation using a high-order sliding mode differentiator.
(Liu and Tian, 2009; Dong and Hu, 2016), containment Because of its particular robustness to restrain
control (Wang et al., 2014; Sun et al., 2017), flocking disturbances and plant uncertainties, the SMC is widely
(Olfati-Saber, 2006; Yu ez al., 2010), etc. used in MAS. In Ren and Chen (2015), both a new
Because of the advantages of robustness and simplicity, sliding distributed asymptotic consensus controller and terminal
mode control (SMC) is widely used for nonlinear systems. A lot SMC were considered for the leader-following consensus

problem of second-order nonlinear MAS. In Yu and Long

The current issue and full text archive of this journal is available on (2015), both the discontinuous or continuous integral

Emerald Insight at: www.emeraldinsight.com/0144-5154.htm sliding mode protocols were developed to achieve accurate
finite-time consensus in spite of the disturbances for the
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second-order MAS. In Han er al. (2017), the distributed

finite-time formation tracking protocols were proposed via

the fast terminal SMC scheme for finite-time formation
tracking control problems of MAS.

Chattering phenomenon is inevitable in SMC. To improve
control performance, some advanced control methods, such as
neural networks, fuzzy control, were combined with SMC. In
Zou et al. (2013), Chebyshev neural networks were used in
conjunction with terminal SMCs. In Chang er al. (2012), a
fuzzy sliding-mode formation controller was proposed to
address the decentralized formation problems for multiple
robots. However, chattering attenuation was achieved at the
price of sacrificing the control performance.

Compared with the methods above, a disturbance observer
(DOB) serves like a patch to the baseline controller and does
not cause any adverse effects in the absence of uncertainties
(Yang er al., 2013; Zhang ez al., 2016). Besides, it can not only
handle mismatched uncertainties but also has the advantage of
simplicity. Therefore, the DOB is introduced for SMC in the
paper. In conjunction with the DOB, a finite time sliding mode
controller is proposed for second-order MAS with mismatched
uncertainties in this paper.

In our paper, with the proposed sliding mode controller, the
main characteristics are listed:

+ MAS described with mismatched uncertainties
considered;

+ both discontinuous and sliding mode
controllers are considered; furthermore, comparisons
among integral, discontinuous and continuous sliding
mode controllers are made to show the advantages of the
proposed method;

+ with the proposed sliding mode controller, the desired
sliding surface can be reached in finite time;

+ the SMC via a DOB in this paper could attenuate the
mismatched disturbances without sacrificing its nominal
performance and the chattering problem can be relieved to
some extent.

are

continuous

The paper is organized as follows: graph theory and preliminaries
of SMC are introduced in Section 2. In Section 3, on the basis of
the DOB, both discontinuous and continuous sliding mode
controllers are designed to estimate the uncertainties and achieve
consensus. Then, numerical simulation examples are shown to
illustrate the analytical results in Section 4. Eventually, Section 5
gives a brief conclusion to this paper.

Notation: In the following sections, the vector x = [xy,.. .,
xn17, @ € R and sgn(-) denotes the sign function. Define the
function sig®(x;) = |x;|“sgn(x;), i=1,---,N, and the vector
sig¥(x) = [sig%(x1)s. - »5ig%(xa)]%; 0 and 1y represent the
column vectors with all elements being 0 and 1, respectively.
For vectors, ||-||; and |[|-||, denote the l-norm and
Euclidean norm, respectively. For instance,

N
>l [lxll, = VaTx.
i=1

Il =

2. Preliminaries and problem formulation

2.1 Graph theory
For a graph G with n vertices, denoting the graph G = {V, £}.
V= {v),22, +,9,} represents the nodes, and & = {(v;, v)
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|vi, 07 € V} is the set of edges. G is called undirected if
(vi, vj) € £ <= (vj,vi) € £. Meanwhile, if there is an edge
between v; and v}, then it is said that node v; and node v; are
adjacent. The adjacency matrix A = [ai] € R"™™ associated
with G is defined as a; = 1 if (vj,v0) € £. For each node v;, N;
is the cardinality of its neighbor set and N,,, = iirllz_a_;(n{Ni}.

2.2 Problem formulation
Consider the second-order MAS with mismatched disturbance,

depicted by:
{ i(2) = vi(2) + di(z)
vi(2) = ui(2)

where x; and v;(r) represent the position and velocity,
respectively, u,(z) is the control input, d,(z) is the disturbance.
Assumption 1. For MAS (1), there exists a directed spanning
tree in graph .
Assumption 2. The disturbance in system (1) is bounded by
d* = sup|d;(z)| and satisfies limd;(z) = 0.
>0 =00

)

Lemma 1. For x;, € R, 1 = 1,2,...,n, « € (0,1], then

n @ n
(S) < i

i— -

Lemma 2. (Finite-time Lyapunov Stability Theorem) Consider
the non-Lipschiz continuous nonlinear system % = f(x) with f
(0) = 0. Suppose there exists a continuous function I(x)
defined on a neighborhood of the origin, and real numbers ¢ >
0 and 0 < a < 1, such that the following conditions hold:

«  V(x) is positive definite;
. V) +cve<o.

Then the origin is locally finite-time stable, and the settling
time, depending on the initial state x(0) = x, satisfies:

1
T(Xo) <——
a
for all xy in some open neighborhood of the origin.

3. Main results

3.1 Integral sliding mode control

Integral SMC is an effective method for restraining the
mismatched uncertainties. Motivated by the integral sliding
mode method (Sam ez al., 2004), the following sliding mode
surface is selected:

N N

si=wv; + CIZ ajj(x; — xj) + CzZ/(li]‘(x,‘ — X)) @)
j=1 Jj=1

The integral SMC controller is designed as:
N N
ui(1) = — clz aij(vi — ) + CZZ ajj(x; — x;) + ksgn(s;)

i=1 j=1

3

We can derive the derivative of's;,
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N N N
Si=u; + C]Zai]‘(‘v vj) + Clzaij(d,’ —d;)+ czz agj(x
j=1 j=1 =1

N
—ksgn(s;) + clz a;(d; — d;)

=1

C))

From (4), we can design the switching gain & > ¢;d* so that the
sliding surface s; can reach zero in finite time. Then,
substituting the condition s; = 0 into (2), yields:

N N
= —clza,y(x %) — czZ/a,-j(xi — %) 5)
i=1 =1
Then combining (1) and (5), we can derive that:
X +612a,] Xi — Xj) +622a,] X — Xj) =d; (6)

Therefore, if limd (r) = 0, it is easy to derive that x; — x; and
1—
UV — ). ~
Lemma 3. (Ren and Atkins, 2007) For the second-order

MAS:
x:(1) = vi(2)
. 7
{ 2i(1) = (2 @
N N
With the control protocol u;(z) = —c1y, aij(vi — ) — Y.
=1 =1

a; (x,
consistent function satisfies:

lim (x(z) — 1p7x(0) —

1—00

lim (o(z) —

1—00

= xj), the system (7) can achieve consensus, and the

11pT(0)) = 0,

1p72(0)) =0,

where 1 = [1,1,...,1]17 and p is the non-negative left eigenvector
of - L corresponding to eigenvalue 0 and p’1=1.

Remark 1. If limd (z) = 0, equation (6) is equivalent to the
above system (7), then we can have that tlirgj (x:i(2)— xi(2)) =0
and tlg(r}lo(v,(t) — (1)) =0.

Though the integral sliding mode method is efficient to
restrain the mismatched uncertainties, it always introduces
overshooting to the control performance; besides, the integral
SMC does not do well in alleviating the chattering

phenomenon. To illustrate these, the simulation results will be
shown in Section 4.

3.2 Discontinuous sliding mode control via a
disturbance observer
Instead of the integral SMC, a new discontinuous sliding mode
controller via a DOB is proposed to alleviate the chattering
phenomenon and improve the control performance in this
section.

Define z; = [x;,
as:

2,7, then the system (1) can be described

®

Ol LA Zyl_ﬂbl
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Wherefi(‘vi) = [9;,0] Ts G, = [OaI]Ta G, =[1,0] T-
Then the nonlinear DOB is introduced, which is described as
the following:

pi = —LGyp;

d; =pi + Lz
where ai, pi» and L represent the estimation of nonlinear
disturbance, the internal state of the nonlinear observer and the
observer gain, respectively.

A novel sliding mode surface for system (1) with nonlinear
uncertainties is selected as the following:

N
si=v; + CZ a,-j(x,' — xj) +d;
=

where d ; 1s the estimation of disturbance d;.
The proposed sliding mode controller based on DOB is
designed as:

N
aILIC
j=1

— L[Gszl +ﬁ(v,~) + Gy u,] ©)

(10)

u; =

N
+ CZ a; (;i, — 3]) + ksgn(s;)
=1

(11
Therefore, substituting u; into the derivation of s;,
N N o .
S =v;,tc¢ Zaij(vi — ‘Uj) + Za,-j (d, — d]) +d;
j=1 J=1
N A
= —cZa,-j (di ) + cZa,, d; — d;) — ksgn(s;)
i=1
(12)

According to (8) and (9), it derives that:

d; =bi+Ls

—LGap;

— L[GgLZi +f,(v,) + Glu,-] + L[f,-(vi) + G1 Uu; + G2dz]

—LG, (p,' + LZZ) + LGyd; = —LGZZi,- + LG,d;

13)
Substituting (13) into (12), it follows that:
N
= —ksgn(s;) + Lgaeq, + cz ajj(eq; — €q;) (14)
j=1

where eg, = d; — d ande; = d; — ;ij.
Remark 2. The dlsturbance estimation error eg, = d; — d is
bounded, satisfying ¢}; = sup|ed| i=1,---,N.

Proof: From the deﬁnmon of ¢z and equation (13), one can
derive

éd,v = d,- — 3,’
=d; + LGyd; — LG»d;

= —LGey +d; (15)
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It can be verified that the error system (15) is asymptotically
stable because limd; =0 is satisfied in Assumption 2.

t—00
Therefore, Remark 2 is rational.

Theorem 1. Suppose that Assumptions 1-3 hold for the MAS (1)
and sliding mode surface (10), the proposed DOB (9) and
discontinuous controller (11) guarantee that the sliding mode
surface (10) is reached in finite divergence time, and then the MAS
(1) sequentially slides along it to reach consensus asymptotically.

Proof: Consider the Lyapunov function as the following:

L7

V= ES s (16)
The derivative of 17,
N
V= Zé,—sl Zs, —ksgn(s;) + LGzeq, + CZ aij(ed; — eq;)
i=1 j=1
N N
= Z —k|si| + LGaeg,si + CSiZ ajj(eq; — ed)
i=1 =1
N
<= [k— (2Nc+ LGy)ej] Isi|
i—1
<= V2[k— (2Ne + LGy)e] Vi a7

According to the given condition k& > (2Nc + LG, )e}, it is easy
to derive that each agent can reach the sliding mode surface s; =
0 in finite time. Therefore, from (10) we can derive:

N
X; = —CZ ai]-(x,- — x]') +d; — Zii (18)
=1
Combining (18) with the observer dynamics, yields:
= —cZal] P — x] +eg,
¢4, = —LGrey + d; (19)

N -
—cZaij(xi — xj) —d;
=1

With the given condition that ¢ > 0 and LG, > 0, it can be
verified that the following system:

(20)

N
= —cZaij(x,- —xj) teq
j=1

éd,v = —LGzedi

is exponentially stable. Because llmd =0, it can be derived
that the system:

—cE aii(x

P — x/ + €q;
€2y

609
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is input-to-state stable. From the system (21), we can derive
that limey, () = 0 and lim (x;(z) — x;(z)) = 0, implying that the
—00 —00

system position can reach consensus asymptotically with the
designed SMC method.
Remark 3. From system (20), we can have llmed( ) = 0;

further, x; = cZ 1 @ (Xi —

(Ren and Atkins, 2007), the position x;(¢) can reach consensus

satisfying  lim (xi(t) — Zf\il aix,-(O)) =0, where a =
1—00

is a non-negative left eigenvector of — L associated

xj) can be obtalned according to

T
[ars. . ]

N
with eigenvalue 0 with ; > 0 and 3 a; = 1. Furthermore, the
i=1
velocity v,(z) can reach consensus satisfying lime;(z) =
—00

lim(e) = 0.

3.3 Continuous sliding mode control via a disturbance
observer
Using the fractional-order technique, improve the
discontinuous controller above and design a new continuous
SMC in this section.

The continuous protocol for MAS (1) is as follows:

N N N .
w = — CZ a;j(vi — vj) + CZ a; (di — d]-) + ksigl/z(ﬁ)
j=1 j=1

(22)

we

where sigl/z(s,-) = \si|1/2sgn(si).

Theorem 2. With the fractional-order technique, the new
proposed continuous controller (22) and DOB (9) can
guarantee that the sliding mode surface (10) is reached in finite
divergence time, and then the MAS (1) sequentially slides
along it to reach consensus asymptotically.

Proof: Consider the Lyapunov function as the following:

1 T
V, = 3 [sigl/z(s)} sig'/2(s) (23)
The derivative of 17,
. N1 N1
= 3 glel s 2(s) = 3 sen(o
=1 i—1
N N
= Z Esgn(si) —ksigl/z (si) + LGaeq, + CZ ajj(ed, — ed;)
i=1 J=1
= ——stgn szg ng"n (si)
CZ ajj(e )+ LGaeq,
1 &
2 Z | Esigh? (si)sig"/?(s)
2 1 *
+k{ CN* + ELGz ey (24)

In light of |s,~% = |sig%(s,~)| = VZ%{, the inequality (24) can be

further deduced to
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: 1,3 3 1 .
v, < —Ek;VZiZVZi +k<CN2 + ELGz)ed

1 al 75 2 1 *
_Ek;Vz" +k(CN +5LG2>ed

< f%kVZZ + k(CN2 + %LGz)ej; (25)

Therefore, similar to Theorem 1, we can obtain that the system
position and velocity will achieve consensus asymptotically with
the continuous SMC method.

Remark 4. Throughout the three controllers, the integral
SMC is effective to remove the offset asymptotically, but it
always brings some adverse effects such as chattering. The
DOB-based method helps to restrain the chattering
phenomenon. The discontinuous SMC via a DOB
suppresses the chattering, but the execution of the controller
is discontinuous, which is not good in practice. To balance
them, the improved continuous SMC via a DOB is designed.
In fact, the continuous SMC via a DOB works better for the
MAS (1).

4. Numerical example

Numerical simulations are given to verify the effectiveness of
the theoretical result in this section. There are five agents,
which are denoted by ¢ = 1,2,...,5. The communication
topology of the agents are given as in Figure 1.

In this example, we suppose there exist five agents for the
MAS. The dynamics of each agent is described by MAS (1),
and the nonlinear uncertainties d;(z) are described by d;(r) =

e’

4.1 Integral sliding mode control
Consider MAS (1) with the integral sliding surface (2) and
controller (3): Figures 2 and 3 describe the positions and
velocities of the five agents, respectively. Figures 4 and 5
present the control inputs and sliding surfaces,
respectively.

From Figures 2 and 3, it is easy to find that the integral
sliding mode controller exhibits robustness in the presence
of mismatched uncertainties. However, from Figure 4 it

Figure 1 The communication topology
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Figure 2 The position x; of each agent

10 T T T T T T T T T

x,(t)

0 10 20 30 40 50

Time(sec)

60 70 80 90 100

Figure 3 The velocity v; of each agent

2 T T T T T T T T T

vi(t)

0 10 20 30 40 50 60 70 80 90 100
Time(sec)
always brings adverse effects, such as overshoot and

chattering.

4.2 Discontinuous sliding mode control via disturbance
observer
To improve the control performance, a DOB is introduced to
alleviate the chattering phenomenon. With the proposed
discontinuous sliding mode controller (11), Figures 6-9 are
derived.

Obviously, the chattering phenomenon is alleviated with the
DOB in comparison with the integral SMC.

4.3 Continuous sliding mode control via disturbance
observer

To further improve the control performance, a new continuous
SMC is designed with the fractional-order technique as (22)
and Figures 10-13 are derived.
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Figure 4 The inputu; of each agent

5 T T T T T T T T T

-5 -
0 10 20 30 40 50 60 70 80 90 100
Time(sec)

Figure 5 The sliding surface s; of each agent

1 T T T T T T T T T
sigma1
0.8 ~ sigma2 | |
sigma3
06 sigma4 | |
sigma5
04 b
__o2f 1
g o
R
7]
02+ i
-04 1
-06 b
-08 b
1 . . . . . . . . .

Time(sec)

4.4 d;(t) = e * + v;(t) sin(v;(t)) with continuous SMC via
disturbance observer
In practice, the uncertainties are mostly related to the velocities of
the system. Therefore, in this section we consider the
uncertainties d;(f) = ¢ + v,(¢) sin(v,(¢)) and derive Figures 14-17
with the continuous SMC via a DOB.

From the simulation results, it is obvious to see that the
continuous SMC still works well to achieve consensus for
MAS (1).

5. Conclusion

This paper establishes finite-time SMC protocols for group
consensus to deal with MAS with mismatched uncertainties. In
conjunction with a DOB, the uncertainties are estimated and
chattering phenomenon is alleviated. In addition, both
le controllers are
ation is shown to

Volume 38 - Number 5 - 2018 - 606-614

Figure 6 The position x; of each agent

6 T T T

T T

x2
x3|

x5

L L L L

20 25
Time(sec)

Figure 7 The velocity v; of each agent

30 35 40 45 50

1 T T T

0.5

25 L L .

L L

vl
v2
v3
v4
v5 |

20 25
Time(sec)

Figure 8 The inputu; of each agent

30 35 40 45 50

5 T T T T T
ul
4r u2| |
u3
3r T
us
2t 4

-2 4
—3F 4
—4F i
_5 . . . L .
0 5 10 15 20 25 30
Time(sec)
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Figure 9 The sliding surface s; of each agent
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Figure 12 The input u; of each agent

5 - : : ; : : - : : 5 : : . : .
| sigma‘ ut
4 I sigma2 | | 4r u2| |
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» i 4
i 2/ i
- 3t =
4 —4 + 4
5 . . . . . . . . . -5 : . . : .
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30
Time(sec) Time(sec)
Figure 10 The position x; of each agent Figure 13 The sliding surface s; of each agent
6 - : : . . : - - : 5 . ; : . . ; . . .
x1 sigmat
x2 ar sigma2 | |
4 x3| | sigma3
x4 3“ sigmad | |
x5 sigma5
2 -
2 -
— 1 7
= 3
< 0 1 E 0 )
®
-1 ]
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-6 . . . . . . , 3 i 5 s s . X . . . . A
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 5 60 70 8 90 100
Time(sec) Time(sec)
Figure 11 The velocity v, of each agent Figure 14 The position x; of each agent
; . . . ‘ . ‘ . . . 8 - : . . . : - - .
vl x1(l)
| | 6 %, |
3 0
v4 x3 o
v5| | 4 4 .
X5(t)
_ 2 1
;f_
1 0 1
< 2 E
' -4 .
. . 6 . : . . ; . . : 3
80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time(sec)
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Figure 15 The velocity v; of each agent verify the effectiveness of the theoretical analysis. In the future,
we will consider high-order MAS with mismatched

1 ' ' ' ' ' ' ' ' ' : uncertainties in directed networks, which are more challenging.
\J
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